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Crystallography. — “Contribution to the knowledge of the isomor- 
phous substitution of the elements Fluorine, Chlorine, Bromine 
and lIodine, in organic molecules’. By Dr. F. M. Jarcer. 
(Communicated by Prof. A. P. N. FRANCHIMONT)., 


(Communicated in the meeting of November 25, 1905). 


Some time ago a paper was published by Gossner ') on the erystal- 
forms of Chlorobromenitrophenol, Dibromonitrophenol and Jodobromo- 
nitrophenol being an experimental contribution to the knowledge of 


1) B. Gossner, Krystallographische Untersuchung organischer Halogenverbin- 
dungen. Ein Beitrag zur Kenntniss der Isomorphie von Cl, Br und J. Zeitschr. f. 
Krystall. Bd. 40. (1905). 78—85. 
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the isomorphous substitution of the halogens Cl, Br and / in organic 
molecules. The author first gives a short resume of the chief series 
of inorganie compounds where C/-, Br- and /-compounds have been 
compared in regard to their erystal-form. Even in cases where a 
direct analogy ‘in form does not occur an isodimorphism may be 
always proved to exist. 

The J-compounds differ in most cases from the others as regards 
their behaviour. r 

Only a few complete series of analogous halogen derivatives of 
organic compounds have been investigated and in no case as to 
their mutual behaviour in the liquid state. 

A complete erystallographical investigation was made of : p-Chloro-, 
p-Bromo- and p-lodoacetanilide '), the melting points of which are 
respectively, 179°, 1673° and 181°. The Bromo- and the /odo-com- 
pounds are both monochnic, the Chloro-compound differs and is 
rhombic. The Br- and the J/-compound present in symmetry and 
parameters a distinet analogy with the rhombie Cl-compound; the 
plane of cleavage is, however, a totally different one’). 

Cl-compound: Rhombo-pyramidal. 

a:b:c= 1,3347 :1 : 0,6857 ; ß = 90°0. Cleavable towards {100}. 

Br-compound : monoclino-prismatic. °) 

a:b:c=1,3895:1:0,7221; P=90°19. Cleavable towards {301}. 
I-compound : monoclino-prismatic. *) 
a:b:c=1,4185:1:0,7415; = 90°29. Cleavable towards {301}. 

GossnEr °) proved "that the C/-compound is dimorphous and also 
that it possesses a more labile monoclinic form. On the other hand, 
the Br- and /-compounds are certainly also dimorphous but here 
the rhombie modification is the more labile. The more labile and 
the more stable modifications possess very analogous parameters, 
although their molecular structures are different. He thinks however 
that the zrregular positions of the melting points may be satisfac- 
torily explained from all this. 

On the other hand, in the series Chlorobromo-, Dibromo- and 
lodobromonitrophenol, all three derivatives are direetly-isomorphous 
with each other. (Structure: (OH):(NO,):Br—=1:2:4; (CI, Br 
and / on 6). 


) B. Gossner, Z. f. Kryst. 38. 156—158. (1904). 

2) Feıs, Z. f. Kryst. 32. 386 (1900); Idem: 32. 406. 

%) Mücez, Z. f. Kryst. 4. 335; Fers, Z. f. Kryst. 37. (1903). 469; Wıuson, Z. f, 
Kryst. 36. 86. Abstract; Panzstanco, Z. f. Kryst. 4. 393. 

4) Sansonı, Z. f. Kryst. 18. 102. 

5) Gossner, 2. f. Kryst, 38. 156—158. 
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This is the first properly investigated series of halogen-substitution 
products in organic chemistry where O/, Br, and / replace each 
other in a directly isomorphous manner. 

Notwithstanding this complete isomorphism there occurs here a 
remarkable abnormality in the position of the melting points, just 
as in the case of the isodimorphous p-Halogen acetanilides. This 
abnormality cannot, therefore, be explained in the manner described 
above; in fact it is quite incomprehensible: 


Cl-compound: m.p. 112° C. Spec. gr. 2,111 Mol. Vol. 118,7 
Br- # MDR OR, AR 3 VERS Ur: 1 
I- r m.p. 104° C. 5 1252,64 ,40129,03 


In this case it is the J/-compound which exhibits an abnormal 
melting point. 

From all this it is evident that there is still something strange, 
as regards the- mutual morphotropous relations of the halogens, at 
least, in the case of organic compounds. Some facts relating thereto 
will therefore be communicated in what follows. 


I have, frequently, published papers on the Methyl esters of p- 
Chloro-, and p-Bromobenzoice acid‘). The Chloro- and Bromo-deriva- 
tive each appeared to possess a different form, whereas the melting 
point line of binary mixtures should lead to the conclusion that an 
isodimorphism was present here, with a melting point line of the 
rising type, although it seemed impossible then to define by physico- 
chemical methods the Zimits of mixing for the two kinds of mixed 
erystals. 

In order to treat the existing problem as fully as possible, I 
prepared first of all the corresponding Fluoro- and Jodo-compound. 

p-Fluorotoluene kindly presented to me by Prof. HoLLzman was 
oxidised with KMnO, in alkaline solution, the p-Fluorobenzoic acid 
was separated with HCI and then esterified by means of methyl 
alcohol and hydrogen chloride. The ester, which has a strong odour 
of auniseseed oil, is a liquid rendering measurements impossible, but 
on the other hand the acid could be measured crystallographically. 

p.-Toluidine was diazotised and converted by means of ÄX/ into 
p-Iodotoluene, this was distilled with steam, recrystallised and oxidised 
as direeted to p-Jodobenzoie acid. In the same manner, p-Aminobenzoic 
acid was converted by diazotation etc. into its acid and this was 


1) Jaeger, Neues Jahrb. f. Miner. Geol. und Palaeont. (1903). Beil. Bd. 1—28; 


Zeits. f. Kryst. 38. (1903). 279—301. 
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purified by sublimation. Both /odobenzoie acids thus obtained were 
then esterified by means of methyl alcohol and HCl. 
The product so obtained was purified by repeated recrystallisation 
from boiling aleohol until the melting point became constant at 114°. 
The methyl ester of p-/odobenzoic acid m.p. 114° erystallises from 
ether + alcohol in colourless needles, having a faint odour of aniseseed 
oil, which are very neatly formed, and exhibit the form of fig. 8. 


Rhombo-bipyramidal. 
a:b:c—= 1,4144 :1 : 0,8187. 


Forms observed ; «= {100}, predominant, very strongly lustrous, 
sometimes with delicate, vertical stripes; p = {210}, very sharply 
reflecting; d = {110}, narrow, often absent, but yields very sharp 
reflexes; v— {12233 and "= {011}, well-developed; o = {112}, very 
small and often absent altogether. 

Habit: flattened towards {100}, with tendency parallel to the c-axis. 


Angular measurements: 


Measured: Caleulated: 
a9, 1100):(2105=#35°15777. — 
b:v = (010) : (122) =*51 49 — 
b:p = (010): (210) = 54 44'/, 
v:v= (122): (122) = 76°23’ 76°22’ 
b:r = (010) : (011) = 50 24'/, 50 41'), 
02% = [100% 1227297 23 77 23 
v:v= (122): (122) — 25 42 25 41 
r:r= (011): (011) = 79 12 7911 
DOSE 12202507, 12 37 
DE PENZINR OLD 6925 68 33 
v:o= (122): (112) — Ne 16 43'), 
della: 12) 435 42 55'/, 


Cleavable towards {010}. 

The optical axial plane is {001} with the b-axis as first bisseetrix. 
The apparent axial angle in a-monobromonaphthalene is about 80°; 
the dispersion is e<(v. On a, p and 5 orientated extinction. 

De sp. gr. of the erystals is: 2,020 at 10°; the equivalent volume 
= 1291, 

Topic axes 4: p: w = 6,8179 : 4,8203 : 3,9464. 


From the above it follows that the /-compound is perfectly iso- 
morphous with the analogous Br-compound. By way of comparison 
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some of the chief data observed in both compounds are placed here 
in juxtaposition: 


p-Iodobenzoic Ester : p-BDromobenzoic Ester: 
Rhombo-bipyramidal Rhombo-bipyramidal 
a:b:c—= 1,4144 :1 : 0,8187 a:b:c= 1,3967 :1: 0,8402 
Forms: Forms: 

{100}, {010}, {011}, {210}, 112}, 1122}. {100}, {010}, {0113,5210}, 1112}, 1122} 
On {100} delicate stripes On {100} delicate stripes 
parallel c-axis. parallel c-axis. 

Cleavable along db. Imperfectly cleavable along b. 
Axial plane is {001}; 1°: Diag. is D. Axial plane is {010}; 1st Diag. is d. 
Angles: Angles: 
nem=—35%46' a: p = 34°56’ 
De u,==51°49' De. —=51710% 
0:0—= 42°55 etc. 0:0=43°50’ etc. 


The dispersion in the /-derivative is of an opposite character to 
that in the Br-compound; the apparent axial angles are almost equal 
if that of the /-derivative is measured in a-Bromonaphthalene and 
that of the Br-derivative in oil of Cassia. 


It seems remarkable, that in our case the Bromo- and /odo-com- 
pounds behave in an analogous manner and that it is the Chloro- 
compound which exhibits here a deviating character. 

In order to show the further relation of the three compounds the 
binary melting point lines were determined and represented in fig. 9. 

The melting point line Br-/-compound does not deviate markedly 
from the straight line, the difference is really negligeable. The lowering 
of the melting point of the /-derivate is, therefore, practically directly 
proportional to the number of added molecules of the Br-compound. 

The melting point lines O/-I- and C/-Br-compound take an analogous 
course, that is to say, all the melting points lie between the lowest 
and the highest melting point. Both melting point lines belong to 
the rising type of RoozeBooMm, which may occur in isodimorphous 
substances. The lower branch and the mixing limits could not be 
found by thermometrical methods. The existence of these two branches 
may indeed be proved, and they are even situated at some considerable 
distance from the top branches — at least at the side of the com- 
pounds having the highest melting points — as was found by Dr. 
B. R. ps Bruyx. It is, however, not possible to determine this line 
with suffieient accuracy. The progressive change of the cooling-curve 
is of such a nature that a discontinuity is observed from which we 
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may draw the above mentioned conclusion that the lower branch of 
the melting point line — at least at the side of the rhombic mixed 
cerystals — is situated at a fairly considerable distance from the upper 


Fig. 9. Binary melting point lines of the three halogenised benzoic methyl esters. 


branch. This change in direction of the cooling line is, however, so 
slight, that the true situation of the point on the lower branch cannot 
be indicated with certainty. 

The determination of the mixing limits by an investigation of the 
solid phases, which are in equilibrium with solutions of known con- 
tent, met with difficulties of an analytical character. An effort was, 
therefore, made to determine those mixing limits by the cerystallo- 
graphic process. For that purpose solutions were prepared of mixtures 
of the two esters, for instance of the chloro- and the bromo-ester, 
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in ether + alcohol, and the homogeneous mixed erystals obtained 
on slow evaporation were individually investigated cerystallographic- 
ally and then their melting”point was taken, namely the temperature 
at which the last partiele of solid matter disappears in the surrounding 
fused mass. If one may assume that this last solid partiele, in each 
of the cases investigated, is really in stable equilibrium in regard 
to the fused mass, the temperature thus found, by comparison with 
the already found upper branch, indicates the molecule-percentage 
composition of the mixed crystal under investigation. 

If we take little of the Br-ester and much of the ÜOl-ester, we 
obtain from the alcoholie solution monoclinice mixed erystals which 
possess quite the form and angular values of monoclinie Cl-ester 
itself. Of such cerystals the melting point never exceeded 46'/,°. If 
the proportion of the components is reversed mixed crystals of a 
rhombie form are deposited quite analogous to the Dr-ester. These 
erystals gave melting points from 79'/,° down to 47° ; but not lower. 

Assuming that the melting point of the end terms of the mono- 
elinie series does not differ practically from 47°, it then looks as 
if rhombie mixed phases may exist which, at 47° as transition tem- 
perature, attach themselves immediately to the monoclinie terms. I 
have found, however, that rhombie mixed erystals with various melt- 
ing points kept together in a closed tube for four months become 
turbid and partially opaque with a rough surface as soon as their 
melting point falls below 65°. It is also remarkable that the rhombie 
mixed phases of this kind are more and more badly formed and curve- 
planed, and that they become more distorted, as if existing in a kind of 
enforced condition, when their composition begins to differ from that at 
65° towards the monoclinie side. It seems to me that when accepting 
the above hypothesis, all rhombie mixed phases below 65° represent 
metastable conditions, which, in the solid state, are very slowly 
broken up, to be partly converted into monoclinic terms. 

That is to say the melting figure takes schematically tlıe form of 
fig. 9; the said metastable conditions are then points situated on the 
extended part of the lower branch to the right, which indicates the 
composition of the rhombie mixed erystals coexisting with the fused 
mass. The stable hiatus in the mixing series then extends from 18°), 
to 60°/, of the Br-compound. 

From all this it follows that in consequence of the very slow 
conversion of the mixed crystals, no sharp determination of the 
mixing limits can be made in this manner when less than 60°), 
Br-ester of monoclinie character is present. 

In the system Cl-ester + /-ester the matter is still more troublesome. 
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There, the end term of the monoclinie mixing series is situated 
still much eloser to the axis than in the case mentioned. In conse- 
quence of the very great difference in solubility of the C/-, and the 
I-compound we never obtain here from aleoholie solutions anything 
else but rAombic very delicate needles, while the monoclinie phases 
erystallise so indistinetly that they are quite unsuitable for a serious 
investigation. 

The Br-, and the J-ester readily erystallise together in all propor- 
tions with angular values which differ but little from those of the 
components. No optical anomalies could be found in such mixed 
phases. From this it follows that to those two halogen substitution 
products belongs an analogous molecular structure. Their molecular 
volumes in the solid condition agree indeed very well; the difference 
is smaller than between tbat of the C/-, and Br-compounds. 

As regards the lowering of the melting point of the compound 
melting at the higher temperature by addition of the one melting 
at the lower temperature, this is not proportionate to the number of 
added molecules, as in the system Br- + /-compound. In the 
mixtures of Cl- and J-ester, the observed values are always situated 
on a curve wbich occurs above the line of the proportionate lowering 
of the melting point; in the system C/- and Br-ester, on a two- 
periodie curve which occurs below the said straight line. 

It must also be observed that the mixed phases deposited from 
alcoholie solutions possess a larger content in the compound melting 
at the higher, temperature than the solution from which they have 
formed. For instance, from a solution containing 20 °/, of Br-ester 
and 80°/, of Cl-ester, mixed (rhombie) erystals were at first depo- 
sited which melted at 57° corresponding with a considerably higher 
percentage of the Br-compound. 


The Chloro-compound which is monoclinic with: 
a:b:c—= 1,8626 :1: 3,4260, and ß —= 64°18' 

and the forms: 
a={100}, c={001}, r=j102}, p=/210},:—{011},0=/T11}, ={111, o—[T18}. 
presents a habit which is not at all like that of the two other deri- 
vatives, although that habit, as shown in fig. 1—5, is in a high 
degree variable, according to the choice of the solvent and tempe- 
rature of cerystallisation. 

The habit of the Br- and J-compound is on the other hand per- 
fectly analogous ; in the J-ester it is, moreover, very constant under 
different conditions of crystallisation (fig. 8) whilst it is still some- 


(621 ) 


what changeable in the Br-ester (fig. 6 and 7), although no longer 
so strong as in the C/-derivative. With an increasing atomie weight 
of the halogens, the changeability of the erystal-habit, owing to a 
change in conditions -of crystallisation, decreases considerably and 
gradually. 

The sp. gr. of the three compounds, their equivalent volume and 
their topie parameters are: 

Clester: d,,o=1,382; V = 123,37 .x: w:o = 5,1731: 2,7774: 9,5153. 
Br-ester: d,,o=1,689; V = 127,29 .x:1$:o = 6,6611 : 4,7691 : 4,0070. 
J-ester: d,o = 2,020; V=129,70.x:%:w = 6,8179: 4,8203 : 3,9464. 

It must be remarked here that the melting points of the three 
esters increase regularly by 35'/,° notwithstanding the difference in 
erystalform : 44°—79'/,°—-114°. i 

The above admits of no other explanation than the assumpfion 
that all three halogenised esters are dimorphous. The C/-ester must 
still exist in a more labile rhombie form and the Br- and J-esters 
in a more labile monoclinic form. In one of Brunt’s communications) 
a “monoclinie” »-Bromobenzoice Methyl Ester is described by an 
Italian investigator with the object of proving an “isomorphism” 
with the analogous p-Nitrobenzoie ester. "The given measurements 
have, however, absolutely no connection with those applied to the 
p-Chlorobenzoate, so that this monoelinice form can in no case be 
the one intended. Moreover, none of the measured angular values 
of the p-Bromo-derivative agree with those obtained by myself. It 
appears to me doubtful whether the measurements mentioned in 
Bruni’s paper are really correct or it may be that the operator has 
really not been working with p-Bromobenzoic Methyl ester at all. 
All efforts made by me to obtain from this substance a crystal form 
different to the rhombic one proved fruitless, whilst in the Italian 
treatise, the supposed “monoclinie” form is represented as a perfectly 
stable one which, therefore, occurs continuously. 

In order to prove an eventually existing dimorphism of these sub- 
stances, I have made use of LEHMAnN’s mieroscopical method with the 
aid of the erystallisation microscope constructed by him. It appeared, 
however, that in none of these cases a positive result could be 
obtained. I think that in the case of each of these substances, Ican 
notice two different ways of cerystallisation under the microscope, 

namely long, rather delicate needles and also parallelogram-limited 


1) Brunı and Paooa, Gazz. Chimic. Ital. (1904). 34a. 133—143;; Rendic. Lincei 
(1903). 5a. 123. 348. 
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flat needles which exhibit higher interference colours and like the 
first named extinguish normally on the longitudinal direction. Howe- 
ver, the difference — if present at all — is so indistinet that taking 
into consideration the inclination of these substances to alter their 
erystal-habiousit under var circumstances in so high a degree, I dare 
not conelude to an already proved dimorphism, Experiments with 
mixtures richer or poorer in Chloro-ester also exhibited the same 
properties. It is, therefore, quite possible that we have two forms 
for each of the three substances, but this has not yet been proved 
and also it could not be ascertained whether in the given circum- 
stances both eventually present forms stood to each other in the 
position of monotropy or enantiotropy. 

A few short data as to the halogenised benzoic acids deserve mention. 

1. p-Chlorobenzoic acid m.p. 243° has been measured by Feus 
(Zeitschr. f. Kryst. 32, (1900) 389). It is monoclino-prismatie, with 
a:b:c—=1,2738:1 : 3,3397, and ß— 78°24}'. The forms observed 
have intrieate symbols; besides «a —= {100} and c = {001}, he finds 
d = 207), o = {111}, e = {233}, u = {322}, v = {411}. Sp.gr. = 1,541. 

2. »-Fluorobenzoie acid m.p. 182° synthesised by me is also 
monoclino-prismatic. If to the forms occurring here we assign 
the symbols: a = {100}, c = {001}, r = 7203}, s = |403}, and 9={043}, 
the indices being therefore analogous to those given above, the 
parameters become : 

a.b:c= 1,1917.:1.: 3,1825 
ß = 78°16'. 

Although there exists here an undeniable difference in habit, I 
think I may still conclude that there is a direct isomorphism of 
the Chloro- and Fluoro-compound. A distinet plane of cleavage was 
not found. The melting point of p-Fluorobenzoic acıd is also elevated 
by addition of the Cl-compound. 

Angular values: 


c:r ='69°56' 
Ds rn 
s:a = 16°14 
4.0 Bldt 
c:q = 16°28' 

1:9 = 274 


The habit is thin-tabled towards c, with a rectangular eireum- 
ference. The crystals were obtained from alcohol + ether and were 
generally badly formed. The extinetion on c is orientated. 


. M. JAEGER. Contribution to the knowledge of the isomorphous substitution of the elements Fluorine, 
Chlorine, Bromine and Iodine in organic molecules. 


p-Chlorobenzoic Methyl ester 
From methyl alcohol, at a higher temperature. 


Fig. 4. 


p-Chlorobenzoic Methyl ester. 
From methyl alcohol, at a lower temperature 


Fig. 3. 
c 
p-Chlorobenzoic Methyl ester. 
\ From ethyl alcohol, at a higher temperature. 
a 
Fig 6. 
a 
c' 


p-Chlorobenzoic Methyl ester. 
From methyl alcohol, at a higher temperature. 


p-Bromobenzoic Methyl ester. 
p-Chlorobenzoic Methyl ester. From methyl alcohol 


From ether, at a lower temperature. Fig. 8. 


p-Bromobenzoic Methyl ester. 


From ether. p-lodobenzoie Methyl ester. 


From ethyl alcohol + ether. 


roceedings Royal Acad. Amsterdam Vol. VIII. 
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3. p-Bromobenzoic acid, m.p. 252° was obtained by me in tiny 
erystals from ethyl acetate + benzene but they were very badly 
formed. They are monoclinie and probably quite isomorphous with 
the two other acids. The angle of inclination amounts to about 78'/,°. 

4. »p-Iodobenzoic acid has not as yet been obtained in measurable 
erystals owing to its little solubility in most of the organic solvents. 
Its melting point is situated at 267°, therefore higher than that of 
the Br-derivative. A direct isomorphism with the three other halogen 
benzoie acids is not improbable. 


Physiology. — “On catalases of the blood”. By L. van Irauuıe. 
(Communicated by Prof. C. A. PEKELHARING.) 


(Communicated in the meeting of December 30, 1905). 


The discovery made by THxnArn that bloodfibrine possesses the 
property of decomposing hydrogenperoxide has also been extended 
to defibrinated blood, by ScHönBEIN (Journ. f. prakt. Chemie 89, 
22). It has found a practical application in the judicial investi- 
gation on bloodtraces and has been the object of manifold scientific 
investigations. A resuming report precedes the investigations by 
SENTER (Das Wasserstofsuperoxyd zersetzende Enzym des Blutes. 
Zeitschr. f. physik. Chemie 44 |1903] 257—318) to whose work we 
refer the reader. Senter calls the enzyme which he has isolated 
from blood Haemase whereas I myself prefer to use the name 
of catalase, which has been given by Lorw (Catalase, A new enzym 
of general occurrence, Report N°. 68 U. S. Depart. of Agriculture. 
Washington). 

Although the catalases, those enzymes which are able to split 
H,O, in water and oxygen, are universally scattered in the vegetable 
and animal kingdom, it has as yet not been possible to isolate one 
of these bodies in state of purity. 

Although different phenomena indicate that there exist more than 
one catalase (apart from Lorw’s a- and f-varieties) it has been 
impossible as yet to discern them. 

The following communication gives a new contribution to the 
properties of the catalases of the blood, which may perhaps lead to 
a differentation of the catalases, and which at least gives an opportunity 
of dividing the catalases of some animals into two groups. 

To Mr. C. J. Konına at Bussum I owe the communication that 
human-blood diluted from 1—1000 heated at 63° for half an hour, 
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still contains a quantity of catalase whereas. ox-blood under the 
same conditions no longer contains any catalase after half an hour. 
Want of time prevented the above mentioned gentleman from pene- 
trating any further in this matter, so that he left the treatment of 
this subject to me. 

The loss of activity of the catalase of the blood by heating has 
been investigated for ox-blood by SENTER (l. c. p. 293). Those 
investigations show that a diluted bloodsolution loses its activity in 
a quarter of an hour at 65°, that the rapidity of decomposition is 
considerably smaller at 55° and that the solution after having been 
heated for three hours at 45° still contains 60 °/, of the catalystie 
power, which it possessed originally. 

Moreover it appeared that the loss of activity is not proportional 
to the present quantity of the enzyme, but that this phenomenon 
takes place with constant rapidity. I thought it useful to investigate 
the observed phenomenon with regard to some species of blood !) 
more closely and to see at the saıne time if it was possible to 
render the catalasereaction serviceable to the distinguishing of different 
species of blood. 


Method of investigation. 5cM* of the different species of blood in 
a dilution of 1—1000 are heated for half an hour at 63°, then 
cooled down to 15° and mixed with 3 cM®. of a hydrogenperoxide 
solution of 1°/,. The mixture is put into a fermentation tube, such 
as are used at the investigation of urine on glucose. If the mixture 
still contains catalase the developing of oxygen begins within a few 
minutes so that by the development of this gas it is indicated whether 
catalase of the blood is present or not. 

Human- and monkey-blood (Macacus eynomolgus) investigated in 
this way appeared to contain still catalase after having been heated 
at 63° for half an hour, whereas the blood of horses, oxen, pigs, 
goats, sheep, rabbits, cavies, rats, hares, chickens, pigeons, fish (flounder) 
and frogs did not show any reaction after the described treatment 
with H,O, and did not split off oxygen within 3 hours. 

Now the blood of some of these animals contains only a small 
quantity of catalase, but in the liver this substance is present in 
greater quantity. According to BArTTeLLı and STERN (Compt. rendus 
138 |1904], 923-924) 10 mG. blood of a frog produces after being 
mixed with H,O, of 1°/, 7.5 eM.’ oxygen in 5 minutes, whereas 


!) For the providing of species of blood I am indebted to Messrs. W. C. ScHimmeL 
and M. G. pe Bruim, of the veterinary school at Utrecht and to Dr. J. Bürtikorer, 
director of the zoological gardens at Rotterdam. 
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an equal quantity of the liver liberates 295 cM.’ oxygen in the 
same time. B 

The liver of a frog was mixed with purified sand, and the mixture 
thus obtained was shaken with water. A drop of the decanted 
liquid called about in a H,O,-solution a turbulent development of O. 
If 5 cM.? of the liquid was heated for half an hour it lost the power 
of decomposing H,O, quite, so that also with a considerable original 
catalytic power the above mentioned time is sufficient to make that 
power disappear. 


In order to get an insight into the rapidity with which the catalase 
of the blood loses its activity I put into practice the following method 
of investigation for some species of blood. 

5 cM.’ of the bloodsolution (1—1000) were put in some test-tubes; 
the tubes and their contents were heated for some time varying 
from 0-—-110 minutes in the thermostate at 63°, then cooled down 
to 15° and mixed with 10 or 20 cM.’ of a H,O,-solution of 1°/,. 
The action having taken place, for 1'/, hour at 15°, the catalase- 
action was interrupted by adding 10 cM.? diluted sulphurie acid 
and the quantity of hydrogenperoxide, which had not been decom- 
posed was immediately titrated back with '/,, N. Kaliumpermanganatie 
solution. While the not heated bloodsolution indicates the quantity 
of H,O, which is decomposed by 5 milligrams of the used blood- 
species, it could be investigated at an arbitrary point of time in how 
far the catalytic action had been weakened by the heating. 

At the used degree of concentration an oxidation of the catalytie 
may originate by the H,O, (Senter l.c. 279) but I would not rejeet 
the advantages which are offered by larger concentration as it was 
not wanted to get in the first place absolute figures. 

In the table mentioned below the results of my investigations are 
written down while the graphic representation gives a more ample 
survey. 

It is peculiar that here as well as at the blood investigatious of 
UHLENHUTR and those of Neisser and Sachs (Berl. klin. Wochenschr. 
1905 N’. 44) the bloodspecies of related animals (man and monkey) 
show a relation with regard to catalytice power concerning the 
absolute strength as well as the greater resistance against the increase 
of temperature. 

I think I may deduce from these investigations that the catalases 
oceurring in the blood of different species of animals are not identical. 
My own observations, it is true extend to some individuals of the 
different species of animals only, but from reports of BATELLI and 


( 626 ) 


Action of diluted bloodsolutions (1 — 1000) on hydrogenperoxide solutions (containing 1 pet. H,O,) after 5 cM®. 
of the bloodsolution having been kept at 63° for the mentioned number of minutes and cooled down 
to 15°. Time of the influence of the H,O,, one and a half hour at 15°. 


Time of Number of milligrams H,O, decomposed by Developed quantity O in cM?. (0° — 760 mM. 
the heating 7 
at 63° in | Human Mon-] Horse Horse Ox Goat | Pigeon || Human Mon- | Horse | Horee | Ox | Goat | Pigeon 
i blood |,4ey, ; blood | blood | Hood | blood | blood || blood |,Key, | blood “| blood | Ljood | blood | blood 
minutes. blood | (arterial) |(venous) | Blood | (arterial) (venous) | | | 
EB. GERA USER 1 SSR SR BE BEER BEE DEE EB | | HERE BE EEE Allen ne nn 
0 407.8 = 1107.8 66.6 43.9 20.7 8.8 0.7 3558 3.53 2.19 1.4% 0.68 0.29 0.02 
=) 93.5 9.7 4.9 0 3.07 0.32 0.16 0) 
10 76.5 84.5 0 0 | 3.1 0 2.52 aa, 0 0 0.13 0.10 0 
45 68.9 2.2 1.3 2.26 0.07 0.04 2 
20 48.3 57.6 0 0 1.2 0.5 1.58 1.89 0 0 0.04 0.016 
25 — 0.2 0 — 0.006 0 
30 28.9 Abk ,& 0 0 0.95 1.45 0 0 
35 =. 
40 16.8 26.2 0.55 0.86 
45 
50 10.2 16.7 0.33 0.55 
55 f 
60 8.7 10.0 0.29 0.33 
65 
70 5.4 6.3 0.18 0.20 
75 : 
80 3.9 — 0.13 _ 
85 
2 3.0 3.6 0.10 0.12 
f0] 
100 2.2 2.9 0.07 0.095 
405 
110 1.4 0.046 
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Hauer (Soc. biol. 57 [1904] 264) it appeared already that the same 
organs of animals of the same species contain mostly about equal 
quantities of catalase and that this quantity is not dependent on the 


mG. H;0, 
” 
Number »f milligrams H,O, decomposed 
Ll ers . . 
by five milligrams of different bloodspecies 
y after their having been heated at 63° for 
x some minutes in a dilution of 1: 1000. 


05 90 95 voo Is 0 
- Human blood. 
Bennann ann een Monkey blood. 
en re Horse blood (arterial). 
„=... .-.- Horse blood (venous). 
säsuereeenernr X blood. 
Bene. (402121000, 


eins eee eon ‚blood, 


temperature of the body nor on the metabolism.. To illustrate the 
 catalytic power of the bloodspecies which I investigated quantitati- 
vely I add a short survey, 
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Quantity of oxygen in eM.’ (0°—760 mM.) obtained from the 
action of 1 cM.* blood on a solution of H,O, of 1°). 
Man 710 
Monkey 706 
Horse (venous) 288 
Horse (arterial) 438 


0x 136 
Goat 58 
Pigeon E 


Utrecht, December 1905. 


Physiology. — “On the differentiation of fluids of the body, 
containing proteid.” By L. van Iraruıe. (Communicated by 
Prof. C. A. PEKELHARING). 


(Communicated in the meeting of December 30, 1905). 


For the research of blood, sperm and other fluids of the body, 
containing proteid, the phenomenon, that even traces of these sub- 
stances are able to decompose hydrogenperoxide, has been used for 
a long time already. If a drop of a hydrogenperoxide-solution is 
put on an object on which blood or sperm was dried up, develop- 
ment of gas is observed, even by the presence of traces of blood or 
sperm which give rise to the forming of froth, when blood is 
present. As the experiment can already be taken with some fibres, 
and the splitting off of oxygen can be traced under the microscope, 
it has often rendered me good services in examining on behalf of 
the court of justice, at the preliminary-examinations. If then no oxygen 
is liberated and the object on which dubious stains oceur, has not 
been exposed to a temperature higher than 65°, it may be concluded 
from the fact that no reaction occurs, that blood and sperm were 
absent. 

It was obvious to try to render the result of the experiments 
communicated in the preceding paper, serviceable to the distinguishing 
of the blood of men, resp. monkeys, from the blood of other Species 
of animals. Not every one is in the possession of the serum of 
UALENHUT or of the sera recommended by Nrisser and Sachs (Berl. 
klin. Wochenschr. 1905, number 44) for the anti-complementary 
influence, while it may be moreover of great value to the court of 
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Justice to have within some hours the certainty whether bloodstains 
appearing on an object, originate from human blood (in our country 
of course monkey blood may as a rule be left unconsidered). 

It is now indeed possible to show the presence of human blood 
(resp. of the monkey) in older stains with the aid of the catalase of 
the blood. I wish to draw the attention to this that the presence of 
blood must have been proved by a preceding mieroscopical, chemical 
or spectroscopical investigation because other fluids of the body too 
(sperm and milk) cause a reaction of catalase. 

The method of investigation is simple. If the dubious blood trace 
is dried on some tissue, a piece of it is extracted with water at the 
ordinary temperature and the extract is divided into two parts. One 
part is mixed with a solution of hydrogenperoxide of 1°/, and the 
mixture is put into a fermentation tube. The other part is heated 
for half an hour in a waterbath at 63°, then cooled down to 15° 
and after having been mixed with a solution of H,O, it is also put 
into a fermentation tube. If within some hours oxygen develops in 
both tubes, it may be concluded that human -— (resp. monkey-) 
blood is present; the quantity of oxygen in the second tube is of 
course smaller than that in the first. When active catalase of the 
blood is present the splitting off of oxygen begins soon after the 
mixing, and is finished in some hours. 

If however only in the first tube oxygen is split off and the 
second tube does not show any development of gas, it follows that 
the catalase of the blood has become inactive by the heating to 63° 
for half an hour, and that the dubious blood does not originate 
from man or monkey. 

I was in the opportunity of applying these experiments to fresh 
bloodstains of man, dog, ox and horse and to bloodstains on liner. 
from the year 1903 originating from man, oxen, horses, goats and 
pigs. The old bloodstains gave the same results as the fresh blood. 

If we dispose of more bloodstains we can follow the process of. 
the reaction somewhat quantitatively by preparing for instance a 
larger quantity of extract with water, dividing this in parts of5 cM.’, 
heating this to 63° during different periods in test-tubes and mixing 
it with H,O, and titrating it, as has been communicated in the 
preceding paper. The peculiar process of the reaction, graphically 
expressed, does not give a representation of the absolute quantity 
of the catalase of the blood which is present, but is so characteristic 
that human- (and monkey-) blood can be easily distinguished from 
that of another species of animal, even in the dried state. 

44 

Proceedings Royal Acad. Amsterdam. Vol. VII. 
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lt is hardly necessary to mention separately that the reaction of 
the catalase can be made serviceable to the distinguishing of mother’s 
and cow’s milk. 

Cow’s milk which has been heated to 63° for half an hour no 
longer possesses the property of decomposing H,O,, a property 
which mother’s milk still possesses in a rather considerable measure 
under the same circumstance. 

In a mother’s milk which I thank to the kind interference of 
Prof. Kovuwer I found the following results, but it should be 
observed that the action of the milk on the solution of hydrogen- 
peroxide found place in the nitrometer of Lunge and that I read off 
the volume of the developed oxygen after twelve hours: 


5 cM.’ mother’s milk not heated gave 24.8 cM.? oxygen. 
er M „ heated to 63° for a 

quarter ofan hour gave 18.5 „, En 
en Kr hr ee ea an R 
Se # : „» for an hour > ZU nn 


Utrecht, December 19035. 


Physics. — “Some remarks on the quantıty H in BoLTzmann’s 
“Vorlesungen über Gastheorie”.’ By O. Postma. (Communi- 
cated by Prof. H. A: LoRENTZ). 


(Communicated in the meeting of December 30, 1905). 


$ 1. It seems to me that some of tlıe views advanced in one of 
the first paragraphs of the above mentioned work, are inaccurate; 
and it may be desirable to draw attention to this fact, because 
several considerations of BoLTzMAnNn and others are based on them. 
l mean $ 6 on the “Mathematische Bedeutung der Grösse A”. 

In the case of a gas the molecules of which are all of ihe same 


type, this quantity is represented by fi J: dw. Now, in $ 5, assum- 


ing that the gas is of the simplest nature and that the motion of 
the molecules is “molecular-ungeordnet’”’, BoLtzmann has shown that, 
in general, the quantity Z/7 decreases by the collisions and is minimum 
in the stationary state. 

Such a gas would therefore move of its own accord to the 
stationary state i.e. with Maxweuv’s distribution of velocities, as 
BoLTzmann shows further on. 

Now it is demonstrated in $ 6 that the quantity Z/ has also 
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another meaning, and that the eircumstance that HZ is minimum 
implies that the probability of the corresponding distribution of velo- 
cities, indicated by the function f, is maximum. Afterwards the 
connection between 7 and the entropy is indicated in $ 8 on the 
“Physikalische Bedeutung der Grösse 4”. 

‚The meaning of H in question being very incompletely derived 
in $6, we shall have to consult Vol. 76 of the Sitzungsberichte der 
Wiener Akad., to which Boutzmann refers, and Vol. 72, to which 
he refers in Vol. 76. 

In $ 6 p. 40, Bortzmann begins with the following reasoning: 
“Für alle Zusammenstösse, für welche der Geschwindigkeitspunkt 
des einen der stossenden Moleküle vor dem Zusammenstosse in einem 
unendlich kleinen Volumelemente lag, befindet sich derselbe, wie 
wir sahen, bei Constanz aller anderen, den Zusammenstoss charakte- 
risirenden Variabeln nach dem Stosse wieder in einem Volumelement 
von genau gleicher Grösse. Theilen wir daher den ganzen Raum 
in sehr viele ($) gleichgrosse Volumenelemente ® (Zellen), so ist die 
Anwesenheit des Geschwindigkeitspunktes eines Molekuls in jedem 
solchen Volumenelemente mit der Anwesenheit in jedem anderen 
Volumenelemente als ein gleichmöglicher Fall zu betrachten, gerade 
so wie früher der Zug einer weissen oder einer schwarzen oder 
einer blauer Kugel.” 

So it is as if the velocities were assigned to the molecules by 
taking for every molecule a slip of paper from a box, which box 
would be filled with slips of paper each indicating a unit of volume 
of the “whole space”. The probabilities a priori are therefore equal 
that the components of the velocity 8&,n,5 lie between two values 
which differ d&, dn, d®. 

Here at least something has been adduced to account for the fact 
that these probabilities are equal, which has not been attempted in 
Vol. 76 of the W. S. We have to derive it from the fact, that at 
a collision the “points of velocity” skip from a certain volume into 
one of the same size (cf. the “daher” of the quotation). For me 
this has, however, by no means convincing force; for that one point 
always skips from a volume to one of the same size does not prove 
that it can just as well be found in any volume of the same size. 
We shall presently show that this can hardly be assumed. 

But let us first proceed. Let us assume n molecules are to have 
a velocity, then the probability a priori that of them n, w have their 
“point of velocity” in the first volume ®, n, & in the second volume 
& ‚ where (n, +n,+...) w=n. 


44* 


etc. is proportional to Z= Rlarayler, 
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p 
If we now assume that for p! may be taken v2r2() ‚ we get 
IZ=—ow(n, in +n,In,+...)-+(C, and so Z is maximum when 


o(n,In,+n,!n,+..) is minimum or when Sea res dS dn ds 


is minimum, or when 4 is minimum, if we have a simple gas. 

The distribution of the veloeities /($n5) for which 7 is minimum, 
is therefore also that with the greatest probability, concludes BoLTZMANN. 
So the stationary state with MAaxweır’s distribution of veloeities is at 
the same time the most probable (p. 42). 

This, however, follows by no means from the above, for the 
stationary state is that, for which the change of 4 with the time in 
consequence of the collisions = 0, whereas the most probable state 
here is that for which every conceiwable variation of the numerator 
ofZ=0. 

Not before the condition is taken into consideration that the kinetie 
energy of n molecules must have a definite value, as BoLTZMANN does 
in Vol. 76 and 72, it can appear whether the result is the same. 

Now 

+»r» 72 


H=| | SrEndis@ndasana 


—0 —Dn —o0 


must be minimum, while the conditions 


and 
+2 +0 +» 


1-3 | | SE +r+Drendama 


exist, when m is the mass of every molecule, and Z the kinetie 
energy of n molecules. 

In Vol. 72 p. 450 Boutzmann gives the solution of this, and it 
appears that when no external forces exist, 

JERd+r+R IR + +N)—0 

where A and u are constants which are still to be determined. 

From this follows Maxweır’s distribution of velocities. 

But what probability problem has now been solved? I cannot see 
that any has been solved but the following: From a box with slips 
of paper, each indicating a volume element, one has been taken at 
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random for each of the n molecules of a certain quantity of gas; 
the “point of velocity” of the molecule was every time placed in 
the volume element exträcted. The n velocities which have been 
extracted chanced to be such that the sum of the energies of the 
molecules has a definite value Z/. What distribution of the velocities 
among those n molecules is now a posteriori the most probable ? 

The most probable is therefore the distribution of Maxweıı. But 
this is a problem without importance for the gas theory. For it is 
easy to see that the mean velocity indicated by the slips of paper 
in the box is infinitely large, so that if from this n slips of paper 
are taken at random, in general the mean velocity, which is indicated 
by them, is also infinitely large, and there is only an infinitely small 
chance, that the energy of the n molecules becomes finite. If we 
now see that of every finite gas-mass the energy is finite, we cannot 
assume that the velocities would have been assigned to the molecules 
in the way mentioned above. The chances a priori for every velocity 
must, therefore, not be considered as equal. 

The mean veloeity in the box may be calculated as follows. 

If in the unity of volume there are c points of velocity, then in 
a spherical shell with radius r and thickness dr there are: 4 m »” c dr. 
The sum of the veloeities now is I r’cdr, and so for a sphere 
with radius r=rr'c. The number of points of velocity in the 
sphere is Saar c, so the mean velocity = e T. 

For the whole space, therefore, the mean velocity is infinitely 
large. In this way it is proved that the hypothesis of the equality 
of the chances a priori is inaccurate, and so also the result that 
Maxweır’s distribution of velocities is the most probable state. 


$ 2. Of course nothing is said here in derogation of the proof, 
that Maxweur’s law holds in the stationary state, which BOLTZMANN 
gives in the $$ preceding $ 6 and in $ 7. But it is incorreet to 
speak of transition of probable to improbable states when the meaning 
is from stationary to non-stationary states. This incorreet view gives 
rise to wrong considerations when BoLTzmAnn discusses the fietion 
of the reversal of the molecular velocities in the last part of $ 6. 

It is assumed there, that a gas has originally a “molecular-unge- 
ordnet” but “improbable” distribution e.g. all molecules have the same 
velocity. The gas moves now to the stationary state with MAxweLr’s 
‚distribution of velocities. But before it is reached, all velocities are 
reversed, which causes the same conditions to be passed through 
but now in reversed succession. This will cause 7 to increase. Is 
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dH 
this not incompatible with $ 5, where it is proved that a only 


be negative or zero? No, says Bourzman, for the reversed motion is 
not one for which this theorem holds, because the motion is “molecular 
geordnet”. For the molecules, which a molecule with a certain veloeity 
meets, are not taken at haphazard from the whole number but 
their veloeities are connected with that of the molecule under con- 
sideration. This is specially clear when at the moment of reversal 
the motion had not yet lasted long. 

Now, however, BoLTzMANN meets with another dfficulty, which is 
to be removed. Does the increase of H not also clash with the laws 
of probability, as the smallest F gives the most probable state ? 

No, for the increase of H is only improbable, not impossible. 

This difficulty seems to me to have only been raised by the in- 
correct view. discussed above. The smallest 77 is not the most pro- 
bable. Moreover we do not do justice to the subjectivity of statements 
concerning probability, when we speak of a transition from pro- 
bable to improbable states, as if objective properties of substances 
are expressed in this way. BOLTZMANN loses repeatedly sight of this; 
particularly at the end of the second part of his “Gastheorie”. 

In my opinion the views on this matter of Dr. A. PANNEKOEK, Occeurring 
in these Proceedings, Vol. VI,p. 42') are not perfeetly correct either. 

The latter assumes also that in the above mentioned case of 
reversal the reversed motion is “molecular-geordnet’”, and tries now to 
make clear what this means. With perfect justice he says, that it 
does not mean, as seems to be sometimes assumed, that the state 
may be calculated beforehand; this might also be done in the original 
case if the initial state was known. Now, however, we get the im- 


!) Another remark on this subject. Under 2 weread: “one more remark, however 
is to be added”, on which something follows, that does not suppleinent what has 
been said, but is in direct opposition to it. Moreover, the author seems to con- 
found the collisions in the fictitious system (after reversal of the motions) and what 
Bortzmann calls the collisions of the opposite kind. 

For it is not correct that the points Q,Q,', RıRı' return to P, P'in the reversed 
system; by reversal of the volocity we get a point of velocity lying diametrically 
opposite to the first. 

Also 3 gives rise to different questions. As e.g. is it altogether correct that in 
the statistical way of treatment the direction of the normal of collision is consie 
dered as independent of the veloeities? It can certainly not be independent of the 
relative velocity? And further: does the fact, that in the calculations it is assumed 
that the molecules do not hinder each other when colliding against a third, give 
sufficient justification for calling the radius of a molecule small of the first order 
with respect to the distances of the molecules ? 


( 635 ) 


pression that Dr. PAnseKoEk considers as the distinctive feature which 
renders the original motion “ungeordnet” its dissipating influence, and 
that which makes us call the reversed motion “geordnet” its bringing 
the veloeity points nearer together. When in consequence of the col- 
lisions the “points of velocity’” get dissipated the state would be “unge- 
ordnet”, when they draw nearer to each other, it is “geordnet”. But 
this holds only in this special case, and it might just as well be just 
the reverse. 

For what does “molecular-ungeordnet” mean. This appears when we 
examine the place where Bortzmann introduces this idea. We find it 
p- 20 in the formula (17): Zy= ®F, dw,. Here © represents the 
sum of the contents of all the oblique cylindres, into which a mole- 
cule of the 2nd kind must get in order to collide with one of the 
1s: kind. The formula now expresses that the molecules of the 2”4 
are, in proportion to the volume, as numerous in all these eylindres 
together as in the whole gas mass, or that these eylindres constitute 
a quantity taken at random from the gas mass with regard to the 
molecules of the 2rd kind. 

Now in ıny opinion an “ungeordnete’” distribution might very well 
be imagined, in which the points of velocity are more dissipated 
than in the stationary state. And of a gas in such a state the points 
of velocity would be brought nearer together by the collisions till 
Maxwern’s distribution of velocity is reached. 


$ 3. With reference to the foregoing Prof. LoRENTZ was so kind 
as to direct my attention to the work of Jzans on the kinetic 
theory '). In this work a derivation of Maxweır's distribution of 
velocities oceurs, which is called a new one by the author, but which 
essentially agrees with the reasoning of BoLtzmann in the above 
mentioned $ 6 on the “Mathematische Bedeutung der Grösse 7”, 
though the outward form is quite different. It is true that an impor- 
tant improvement has been made, which for the first time renders 
it in reality a derivation of the law; it is viz. not only demonstrated 
there, that the most probable state of a gas is that, for which the 
distribution of velocities in question occurs, but also that the chance 
is very great that a state will make its appearance, differing but 
very little from the most probable : for when it is only known that 
a state is the most probable, its probability may yet be so very small, 
that it does not say anything as to whether that state will oceur or not. 

Accordingly Jeans calls this most probable state the “normal state”, 
in which he is now perfectly justified. 


I) «The dynamical Theory of Gases” by J. H. Jeans; Cambridge, 1904, 
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The “normal” state is now the same as the “stationary’’ state. 
However, tbe same objeetion applies to this derivation as to that 
of BOLTZMANN. 

Jrans calls his method “The method of General Dynamies” in 
opposition to the usual one, with the aid of eollisions, which he 
calls “The statistical Method”. This name, however, does not seem 
very appropriate to me; the considerations here are just as much 
statistical as in the usual method. Dynamics do not play any part 
in it but this, that the state of a gas with N molecules, so deter- 
mined by 6 N-coordinates and components of velocity, is represented 
by a point in a 6 N-dimensional space, and that now the change 
of state of the gas runs parallel with the motion of this point in the 
generalized space. 

A great number of possible states gives therefore a great number 
of ‘points, and their changes a great number of orbits, the general 
course of which is to be studied. Instead of with these mathematical 
points we may also imagine the generalized space to be filled with 
an homogeneous liquid, the motion of which we must examine, 
which then according to the author is a “steady-motion” in hydro- 
dynamie sense, the stream-lines of which are determined by the 
property that their energy is constant. 

This, however, brings us about to the end ofthe dynamie conside- 
rations. They form an illustration, but nothing is proved by them. 

The author now examines, what part of the generalized space is 
taken up by points representing systems of a certain state. But this 
is the same as what BoLtzmann calls the probability ofa system ofa 
certain state. Both represent the proportion of the number of systems 
of equal possibility possessing a certain property, to the total number 
of systems. The objeetions to be made to the expression for the 
probability hold also for that of the part of the space. 

JEANS treats successively twö problems : 

1. What part of the generalized space is occupied by the systems 
with a certain distribution of the coordinates of the molecules (or 
what chance is there of a certain distribution of density of the gas) 
and in connection with this: how are the systems distributed in 
that space with regard to the distribution of the coordinates. 

2. What part of the generalized space is oceupied by the systems 
with a certain distribution of velocities of the molecules (or what 
chance is there of such a distribution) and how are the systems 
distributed in that space with regard to the distribution of veloeities ? 

Only the first problem is fully treated by Jrans; for the second, 
the most important, we are referred to the first. 
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It is then assumed that the gas is inclosed in a vessel with 
capacity 2, divided into n elements w, so that no—=2. We imagine 
now &a certain distribution of density, at which a, molecules are 
placed in the first element of volume, a, in the second ete. The 
number of ways, in which N molecules may be distributed over the 
n elements, so that every time this distribution of density exists is 

N! 


FE ee For each of these ways every molecule must be 
a, Da, Dein an 


placed in a certain element of volume from the n and so the 
1 th 

representative point” is restrieted to the — part of the whole 
N. 


generalized space, in the same way with the following, so “the repre- 
sentative points will occupy the fraction n=N of the whole of the 
generalised space”. This is in somewhat different words nothing but 
“the chance of each of the eombinations is n=N ”, and the reasoning 
rests evidently on the assumption that each molecule has every time 
an equal chance to any place in the vessel. 

The representative points of the systems with this distribution of 
velocities occupy therefore together a part of the generalized space 
ee re (which therefore represents the total chance; an 
expression agreeing perfectly with the chance of a certain distribution of 
denoities in $ 1). After a similar reduction as in BoLtzmann follows 

n'lar 


from this: the part of the generalized space (chance) = Dr ea: 
(22N) 2 
sn 
H IT 1 Nas . j Eu, 
where K=7), («+5 log NV in the above mentioned distri- 
si 


bution (A). Now, neglecting 4 by the side of a, we may consider 
K. as a special value of the Bone function: 


x= 5 [fr — da dy dz, 


integrated over the vessel, where » represents the molecular density 
as function of the coordinates of an arbitrary point, and », the 
mean density throughout the vessel. A is a function corresponding 
closely with Bortzmann’s AH, specially when we leave out the 
constants and write: 


x = (| fr ton» an ay ae just as H was (|| flog f da dy de ; 


v is the density function, just as / is the function of velocity. 
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K is now minimum when a,=a,= etc. or when » = constant. 
It is obvious that this also means “the part of the generalized space”, 
is maximum or the chance is maximum. So on the above assump- 
tion the most probable distribution is that of uniform density. 

Now Jrans proves further, that also by far the greater part of 
the generalized space contains systems which differ infinitely little 
from these with.minimum X, so that this state may be called the 
normal one. Expressed in the other way this is, that the chance is 
infinitely great of a state deviating infinitely little from the most 
probable state. Though Jrans’ proof does not seem faultless to me 
(no sufficient attention is paid, in my opinion, to the order of mag- 
nitude of infinitesimals) yet the result seems to me to follow from 
BernovLLr’s theorem, provided “systems differing infinitely little’” is 
taken in the proper sense. 

So Jeans concludes: it is clear that the gas-masses with uniform 
density will represent the ordinary case. 

The second probleın might be treated in the same way. Instead 
of the molecules which are to be distributed over the elements of 
volume of the vessel, we have now the velocity points of the 
molecules which are to be distributed over the elements of volume 
of the whole space. We get now in the same way for the part of 
the generalized space occupied by systems with a certain distribution 

N! 
RT 
large. According to the other mode of expression this is again the 
chance to that distribution of veloeities. 

The treatment of the problem is further the same as that of the 
first, but now we have to do with the quantity 7. And finally it 
may be proved, that by far the greater part of the generalized space 
is occupied by systems which differ very little from that with mini- 
mum 7 or the normal state is that for which 7 is about minimum, 
from which, taking into account the condition that theenergy — E, 
Maxweın'’s distribution of veloeities follows. 

Now it is, however, clear that the same objection may be raised 
to this reasoning as to that of BoLTZMAnN. 

The above expression for the part of the generalized space (or 
the chance) rests on the assumption that the representative points 
are distributed uniformly throughout the generalized space also here, 
or that for every molecule the chance that the point of velocity 
gets into a certain element of volume, is independent of the place 
of that element. What now does the condition, that the energy 
= E, mean? Either that attention has been paid to it in the distri- 


of velocities, the expression n-N, but now N is infinitely 
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bution of velocities or not. If no attention has been paid to it, it 
is not to be accepted that the energy always becomes finite (see $ 1); 
if attention has been paid to it, the chance a priori can no longer 
be taken equal for each element of volume, and the above expression 
is faulty, and so also the further reasoning. 

So it seems to me that also this derivation of Jsans must be 
considered as incorrect'). 


Botany. — Some remarks on the work of Mr. A. A. Puıız, 
entitled: “An enumeration of the vascular plants known from 
Surinam, together with their distribution and synonymy.” By 
Prof. F. A. F. CO. Wixr. 


Mr. PvLLz has worked out the botanical material collected by the 
expeditions of the last years, of one of which he was a member 
himself. He has also tried to render our knowledge of the flora of 
Surinam more complete by incorporating into his work the older 
collections which are preserved at Leyden, Utrecht, Göttingen, Berlin, 
Kew Gardens and in the British Museum. 

In this way a total number of 2100 vascular plants appeared to 
be known for Surinam and although it may be said with certainty 
that this number is far from representing the real number of species, 
occurring in our colony, yet we must appreciate that here for the 
first time a comprehensive idea is given of the flora of Surinam. 

Without entering into further details it must be mentioned that 
the author is led to the important result that phytogeographically 
Surinam belongs to the Hylaea, the region of the Amazon river, 
with the exception perhaps of the still unknown territory west of 
the Wilhelmina range. The Hylaea would then extend from the 
mouth of the Amazon river over French Guyana and Surinam and 
gradually form a narrow littoral strip in British Guyana, finally 
passing into the Orinoco distriet. As a consequence of this the 
conception must be given up that across Surinam there is found a 
eontinuous savanah distriet, such 'as occurs in Demerara and more to 
the west; where savanahs are found in our colony their presence 
must be entirely attributed to local influence of the soil. 


1) Jeans’ derivation occurs for the first time in the Philos. Magazine VI, 5, 1903, 
- under the title of “The Kinetic Theory of Gases developed from a New Standpoint”” 
p. 597. That also the “molecular ungeordnet” hypothesis is implied, which Jeans 
denies, is proved by Bursury in the same magazine VI, 6, 1903 in an article 
on “Mr. J. H. Jeans’ Theory of Gases” p. 529. 
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Mathematics. — “The quotient of two successive Bessel Functions”. 
(2nd paper). By Prof. W. Kapreyn. 


In our preceding paper we gave the value of the general coeflicient 
of the expansion 

I*t1(2) 

I°’(z) 

Now we wish to draw the attention to a couple of relations which 


exist. between these coefficients. The first is obtained from a particular 
integral of the following differential equation of RıccArı 


d 
te +2 He—0. de a Fe 


hehe He Ich 


Putting 
2? 


20 +D+m 


this differential equation reduces to 
du, 
BETT FOUEISE +.’—=I. 
z 


Repeating this process, it is evident that- the equation (1) is satisfied 
by the continued fraction 


2? 


TE 


2 


2? 
A ee 
ET Sen) nei 
TH 
which represents the value of REN, ; 
I’) 


Introdueing therefore 


u=—fhh.?—f,2.'—f,2' — ete. 


in the equation (1) we have 
2A —l 
ea 
where n=1,2,3.... 
The second relation may be deduced from our former equation 
I} Hanser re | 
En REN 
Elan a EN, +1 fat = (— 1) 
Ana Rn—2 In—2 On ...00 


A-7521 50 UI 
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where 
9—=2(w-+p) 


(2n —p—|1)...(2n — ?p) 
= 2! 


(2n —p — 2)...(2n — 2p — 1) 
RE TRRRTEUIETETE 


+1... an —p—1 


%n = 


p-+1... an —p—2 


a—p+)...a— 2 +2) 
9, = p! —GH+1l..Gan—p-+1 


1 & 
when » is odd. 


n Paz 
and A stands for = —1 when n is even or for S 


Putting a, = 2b, this equation may be written 


a hen =D . 1. .:0) 
and it is found that the An D,„ satisfies the re 
n—-l1—n—2 
rd en Fr been Dat 
n—-2.n—3.n—4 
——  — he ebn bye sbaere bu. «Dun Das — ele. 
the last term being 
FH 
12 (5+ !)buobaebincbuteecderds BR 
2 Bi are 
when n is an even number, and 
n—l 
EB: 2bucbr che. 2b, inte Di 


2 2 
when n is odd. 
Substituting in this equation D, by their values from (2) we get 
this second relation between the coefficients f, 


ss 
.. (n—2p) Into 
u (II 
AZ Dame —r TB 1)? 24V, ...bptidn—p+i ne 
P= 


Finally we will show that from the recurrent relation between 
the determinants D, the value of 


Lim Fi —t 
n=® Int 
_ may be deduced, For the series 
Kethe their 


is converging when 
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Lim Atı 2? 
na n 
or when 
In 
2 Lim 5 
| | < n—=» In+ı 
Now 
NW et Den 
In+ı 
therefore 
Li EWR 2 =) 
im D, ir 
E br w deren 6, 2 Darm Ss une 
{ ee nr ee 
Lim D, : 


and finally 


MOIORGRE 


TE EI7NFF 
Hence it is evident that @ is a root of the equation /’(2)=0 as 
might be expected. 


Astronomy. — “Researches on the orbit of the periodie comet 
Holmes and on the perturbations of its elliptice motion.” By 
Dr. H. J. Zwiers. (Communicated by Prof. H. G. van DE 
SANDE BAKHULNZEN.) 


In 1902, after the reappearance of the comet Holmes in 1899— 
1900 I published in full the results which I had derived from the 
investigation of the observations after its return. '‘) With the most 
accurate elements which I had been able to deduce from its appearance 
in 1892 —93 I had calculated in advance the perturbations arising 
from the action. of Jupiter and of Saturnus and at first also of 
the earth and thence I have derived a system of elements for 1899 
September 9.0 mean time Greenwich, which served as a basis for 
an ephemeris published in No. 3553 of the Astron. Nachrichten. 
By means of this ephemeris the comet has been rediscovered at 
the Lick Observatory and the relatively small difference between the 
observed and the computed place proved that the elements of the 


') Recherches sur l’orbite de la com&te periodique de Holmes et sur les perturbations 


de son mouvement elliptique, par Dr. H. J. Zwıers. Deuxieme me&moire. Leyde, 
E. J. Brill, 1902. 
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orbit found for 1892 and the computation of the perturbations which 
had been based on them were very nearly correct. 

The observations in 1899 and 1900 furnished me with suffieient 
material to apply to the elements such small corrections as brought 
the remaining differences between the predicted and the observed 
positions within the limits of ordinary errors of observation. The 
system of elements obtained thus, which satisfied both the appearance 
of 1892—93 and that of 1899—1900 and which in my “Deuxieme 
Memoire” p. 78 has been recorded as “Systeme VII”, must naturally 
furnish the basis for further investigations. Therefore I shall give 
it here in its general features. 


System VII. 
Epoch 1899 June 11.0 mean time of Greenw. 
Osceulation 1899 September 90 „ u 5 
M, = 22661" 3264 
u= 516" 188791 
log a= 0.558 1320.0 
= 24°17 23"54 
e= 0.4113532 
i= 20°48'. 9"84 
x —345 438 38.06 } 1899.0 
R=331 43 18.24 
i= 20 48 10,29 
a — 345 49 28.27 ' 1900.0 
n=331 44 8.95 | 

Although the corrections which had to be applied to the elements 
in consequence of the new observations were small, I immediately 
after the publication of those researches resolved to repeat the compu- 
tation of the perturbations between 1892 and 1900 with the new 
elements and to extend it to all the planets of which the disturbing 
effect could not a priori be neglected as being insensible. This 
elaborate investigation, which necessarily required a new discussion 
of the two appearances of the comet, was however only partly 
finished when in 1905 the preparation for the third appearance had 
to be taken in hand. 

I have then started from system VII, which though not perfect, yet 
satisfied all practical demands. I did not venture, however, to use 
those elements without more for the computation of the places at 
the return of the comet in 1906. It is true that the disturbing planets, 
especially Jupiter, whose influence is by far the greatest, remained 
at a considerable distance during the entire revolution of the comet, 
yet the feeble light of the comet in 1899—1900 and the diffieulty 
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experienced by most observers to properly identify the comet in the 
midst of numerous faint nebulae near the apparent orbit, made me 
fear that such a rough ephemeris of the apparent places for 1906 
might prove insufficient for rediscovering it and observing it. 

In the autumn of 1905, I therefore resolved to derive the pertur- 
bations which the comet would suffer on its path between the perihelion 
passages of 1899 and 1906. The original plan of also computing the 
perturbations arising from the action of Saturnus had to be given 
up through lack of time. And so Jupiter remained the only disturbing 
planet. The method I chose was that of the variation of the elliptie 
constants; I also chose an interval of 80 days, because former 
investigations had shown that the accuracy, attainable by it was 
more than sufficient for my purpose. In former researches we have 
always adopted the rule that for each new epoch the small varia- 
tions which the elements had undergone during the course of the 
last interval were to be applied to them. The computations required 
for this implied, however, an amount of labour not to be underrated, 
and as in this case the computations could have only a preliminary 
character I could leave aside these small corrections by which in this 
case only small quantities of the second order were neglected. Thus 
the above mentioned system VII was used as a basis for the com- 
putation of perturbations for the entire revolution. The places of 
the disturbing planet are taken from the Nautical Almanac; the 
longitudes only were reduced to the equinox of 1900.0 by applying 
the precession. The neglection of the small corrections for nutation 
and for the variation in the obliquity of the ecliptie cannot have 
any perceptible influence on the perturbations caused by the planet. 

Instead of the elaborate tables of perturbations I shall for shortness 
communicate only the summed series, namely the quantities I1/ for 
the mean daily motion and the quantities // for the other elements. 
By working out each table the reader will be able to form a judgment 
on the accuracy reached. The initial constants printed in big figures, 
which in the construction of the tables were derived from the first 


dE 
values of ne (E representing one of the 6 elements) and from their 


differences up to /1V are chosen so that the integrals disappear for 
1899 September 9 as lower limit. Up to 1900 February 16 the 
derivalives could be borrowed from the tables which I have commu- 
nicated in my Deuxieme Memoire ps. 26—32; with regard, however 


to the interval chosen 'now I had to multiply = by 4, and the 


other derivatives of the elements by 2. 


TABLES OF THE JUPITER PERTURBATIONS. 


Dates | i | 


M 


sb u X ‚ 
1899 Jan. 12 n " | 21.370 : i E 
+ 4.5364 7.382 + 0.176|-- 13.677)— 29.200 
el usa 
et + 0.604 3.97 Bol 2.505+ 2.601|—- 4.611 
Eli. 0.625— 3.826 rs 2.530— 3.1504 4.197 
EB 13.460 11.987 
a oe 15358 
May 7 11.867 37.406 Re 5.822— 47.1694 26.379 
July 26 + 5118 40.40 DER at: age 67.123 + 36.268 
Oct. 14 HR Un 86:5i8.} 48.205 
1901 Jan. 2 ee 11.5478 = el ae 
73 + 20.135— 78.02 = = 20.923|— 117.008.4+ 77.946 
June 41 126.049 — 84.681 = le: 37.388 — 125.552)4+ 95.199 
Aug. 30 131.031 — 88.702 RUDI 61..130|— 128.426!4 113.505 
aumaB + 37.487 — 90.817 a 92.674— 125.094+ 132.387 
192 Febr. 6 12.43 9.315 Br 132.210 — 115.298 151.341 
u + 46.560 — 90.624 Ws 99.0474 169.854 
Br + 49.651— 89.287 Be ale 76.6014 187.427 
+ 51.593 — 87.924 u 48.4531 203,590 
Den, + 52.337— 87.192 En MEERE IE 15.3044 217.927 
4903 Mrch 13 R | 434.253)+ 4.9754 230.081 
u: + 50.444— 90.131 ak 508.617)+ 62.385|4+ 239.783 
Aug. 20 LABMS— 94.838 SZ 584.410|4 104.856|4- 246.855 
ea Ssoaanıl EU 0.089 148.31 95 
un. + 4.996 — 112 115 N 734.436+ 19.752) 252.903 
April 16 + 38 875 — 124.566 ee 805.216 234 3084 252.011 
July 5 + 36.183 — 139.032 en 872.176 275.3344 248.718 
Sept. 23 1 34.243 — 154.764 ae 934.123) + 314.438|+ 243.224 
kn + 33.309 — 170.745 re 990.396+ 351.479)-+ 235.703 
1005 Mich 2 |, aa aa. T 007] 4040.450.4+ 386.444} 296.250 
sn + 34.834 — 198.384 m T_1083.4994 41912914 214.885 
Aus. 9 |) g9.9u1l— 20. |417.BBBH 448.580. 201.707 
Oct. 28 4 39.370) — 211.999 TH u rar 172.75014 187.901 
| nn 212.597 TEN um0.u15]+ 490.520 176.821 
April 6 + .319|— 212.305 en: —1158.665|-+ 508.036|-- 173.909 
N: +1090.7444 


Proceedings Royal Acad. Amsterdam. Vol. VIII. 
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By means of these tables it is not diffieult to integrate the pertur- 
bations for an arbitrary epoch according to the known expressions 
of the mechanical quadrature. As a new osculation epoch I have 
chosen 

1906 January 16.0 mean time Greenwich 


and I have found: 


Kong AS = — 3'32"48 
d 
Au=-+ 1"258874 SS — + 883”5368 
A,M = — 1147"7070 Ar=+3 2"08 


Ay—=+3' 2'01 
hence the new elements become: 


epoch and osculation 1906 January 16.0 mean time Greenwich 
M, = 1266412"143 
u — 517447665 
log a — 0. 557 4267.74 
y — 24° 20' 25"55 
e— 0.412 1574 
i— 20°48'50"63 
x — 345 5730.35 )1900.0 
= 331 40 36.47 


From these disturbed elements we derive for the time of perihelion 
passage 
1906 March 14.1804 mean time Greenwich 


while the original system VII, without regard to the perturbations 
during the period since 1899 June would give 
1906 March 13.8083. 

If we take into account that the small retardation of not yeı 9 
hours is compensated by an increased longitude of the perihelion of 
8, we find a posteriori confirmed, what could have been foreseen, 
that the perturbations during the second revolution have only slightly 
affected the places of the comet in space. 

By redueing the elements z, m and Sd to the mean equinox of 
1906.0 I find 

 i== 520348'58"30. | 
x —= 346 231.63 ‘ 1906.0. 
N 331 45 40.75 


In order to compute from these elements an ephemeris I have 
derived the following expressions for the heliocentrie coordinates of 
the comet referred to ihe equator: 
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x = [9.993 7731.9] sin (v + 77° 37' 24"85) 
— [9.876 2012.2] sin (v— 20 58 31.25) 
z = [9.832 7001.5] sin w— 1 47 16.19) 


The coefficients in square brackets are logarithms; the quantity v 
denotes the true anomaly of the comet. 

By means of the expressions above given the heliocentrie coordi- 
nates have been derived from 4 to 4 days for mean noon at 
Greenwich; the coordinates of the sun were taken from the Nautical 
Almanac after having been reduced to the mean equinox of the 
beginning of the year. In the reduction of the mean places to 
apparent ones the aberration terms are omitted, because, as it is 
known, the influence of the aberration for the bodies of our solar 
system can be more simply accounted for by subtracting from the 
times of observation the equation of light. In the two following 
tables which contain the apparent places of the comet in a and 
d I have therefore added in column 9 for each date the equation 
of light expressed in mean solar days. The 4: column gives the 
logarithms of the geocentrie distance. As first date I have chosen 
May 1°t because I had derived from a preliminary computation that 
before that time there would be no chance to discover the comet 
owing to its small apparent distance from the sun and its large 
distance from the earth. The possibility did not seem excluded, 
however, that by means of powerful telescopes or sensitive photo- 
graphic plates the comet might be discovered in January 1906. 
Therefore I have derived positions for that month and sent a short 
ephemeris to Prof. Kreurz, who in a circular has communicated 
it to astronomers. To give a clear idea of the apparent orbit of the 
comet and also because the published places were not perfectly 
correct owing to a small reduction error, I here shall give the 
correct results from 4 to 4 days. Up to now (February 14) no tidings 
about the discovery have arrived, at which we need not wonder 
if we consider the cloudiness and especially the southern and 
generally unfavourable position. 

The next table gives the apparent positions of the comet for the last 
8 months of the year. The direct computations have been made from 
4 to 4 days; between them one date has been interpolated taking 
into account the fourth differences. 

As a measure for the probable brightness we generally calculate 


the quantity H= BER Although on account of the irregular varia- 
Zu0 


tion of the comet’s light it is not certain that the brightness will be 
45* 
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PLACES OF THE COMET BEFORE THE CONJUNCTION. 


en —— 


1906 apparent « | apparent & | log p | S | H 
Jon ı | orte | - A 17 | 0.8 | 0.017373 | 0.0230 
5 5318.18 | — 20% 48.1 | .48066 456 | „0229 
ol a 13% | —-19W 45.1 | „48257 533 | .0229 
13 9.46.66 | — 1830 9.6 | .48431 603 | .0298 
47 1758.35 | — 17 3047.8 | .48590 668 | „0228 
A 26 8.% | —16 858.8 | .48733 726 | .0298 
25 34.16. | — 15% 8.4 |- „48860 718 | .0297 
29 22.19 | — 149 50.3 | .48971 824 | .0227 
Febr. 2 502. | — 1318 7.8 |  .49067 863 | „0297 
6 5827.36 | — 1212 4.5 | .49147 896 | .0297 
10 | 22 698.56 | -M1 54.5 | as 923 | .0997 


proportional to Z, I for completeness have added this quantity to 
the table from 4 to 4 days. In 1892 —93 this so-called “theoretical 
brightness’”’ varied between 0.075 and 0.012. 

Because the elements adopted for 1900 might still require small 
corrections, and as up to 1906 only the principal perturbation by Jupiter 
has been taken into account, it is not improbable that when the 
comet happens to be discovered there will be some difference between 
the observed and these computed places. In order to facilitate the 
search for astronomers who possess the needed instruments for 
finding it, I have repeated the calculation of the places first on the 
supposition that the comet ‚will pass through its perihelion 4 days 
earlier, and secondly that it will pass 4 days later than would 
follow from the most probable elements. Although the adopted 
latitude of = 4 days will probably be much larger than the 
real error in the accepted time of passage through the perihelion 
I give the results as obtained from direet caleulation. The following 
table contains the variations in right ascension and declination for 
the two suppositions; column Aloge gives the correetions which 
would have to be applied to the 5 deeimal of log _ from the ephe- 
meris communicated before. 
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APPARENT PLACES OF THE COMET FROM MAY 1 TO 
DECEMBER 31, 1906, 
FOR O® MEAN TIME AT GREENWICH. 


log p S H 


hm Ss 
0 40 15.28 + 12 49 44,3 0.47733 0.017 322. | 0.0240 


May 1 
3 44 0.82 + 13 25 36.3 .41632 282 
5 47 46.23 +14 12.2 „47528 24 .0241 
7 51 31.54 36 58.4 47421 199 
9 55 16.77 + 15 12 27.8 ‚47312 156 .0242 
11 59 1.94 41 48.8 47200 111 
13 41 2 47.03 + 16 33 1.3 ‚47084 066 0243 
15 6 32.06 58 4.7 „46966 019 
17 10 17.02 + 17 32 58.6 46844 0.016 972 . 0244 
19 14 1.90 + 18 742.8 ‚46749 923 
21 17 46.67 42 16.7 46591 873 ‚0246 
23 21 31.32 + 19 16 39.8 „46460 822 
25 25 15.84 50 51.9 „46326 770 .0947 
27 29 0.20 + 20 24 52.4 .46189 717 
29 32 44.40 58 40.9 46048 663 .0248 
3 36 28.40 + 21 32 17.0 .45904 608 
June 2 40 12.22 + 22 5 40.5 ‚45757 592 .0250 
4 43 55.83 38 51.0 45607 495 
6 471 39.23 + 23 11 48.3 ‚45453 437 .0252 
8 51 22.42 44 32.1 ‚45296 378 
10 55. 5.37 + 24 17 2.4 ‚45137 317 .0253 
12 58 48.06 49 18.9 „44974 256 
14 2 2 30.46 + 25 21 21.5 44807 194 .0255 
16 6 12.51 53 9.8 44637 431 
18 9 54.18 + 26 24 43.6 „44464 067 .0257 
20 13 35.40 56 2.8 44287 001 
22 17 16.13 +4 27 27 7.4 ‚44407 0.015 935 .0259 
24 20 56.31 57 56.2 ‚43923 868 


26 24 35.89 + 28 28 30.0 ‚43736 799 .0261 


1906 R 8 log p | 3 H 
0 0 u 
June 8 | 2 98 14.81 428 58 48.2 | 0.435455 | 0.05 730 
31 53.03 + 29 28 50.8 „43350 660 | 0.0264 
July 2 35 30.49 58 37.7 | .43152 589 
4 39 7.45 + 30% 8.8 „42951 517 | .0266 
6 42 42.95 ° 57 24.2 „42746 Ali 
8 46 17.85 +31 26.244 „42538 370 | .0269 
10 49 51.75 55 8.4 „42326 295 
12 53 24.59 + 32 23 37.4 „Aa 219 | .o271 
14 56 56.26 51 509 41892 143 
16 |-3 0 %.67 + 33 19 49.4 „41669 065 | .0274 
18 3 55.70 47 32.4 41442 | 0.014 987 
20 73. + 34 14 59.8 AN2 907 | .0277 
22 10 49.18 42 42.4 „40978 827 
24 14 13.40 +35 9 9.8 „40740 746 | .0281 
26 17 35.80 35 52.2 „40499 665 
28 20 56.25 +36 219.8 „40254 582 | .0284 
30 24 14.64 28 32.6 „40006 499 
Aug. 4 | 197 30.86 54 31.0 „39755 46 | .0288 
3 30 44.79 + 37 % 15.2 „39500 331 
5 33 56.32 45 45.6 „39241 216 | .0291 
7 37 5.28 +31 2.7 „38979 160 
9 40 11.54 36 6.8 „38714 074 | .0295 
1 43 44.4 +39 058.0 ‚38446 | 0.013 988 
13 46 15.20 25 36.8 „38174 900 | „0300 
45 49 12.25 50 3.3 „37899 813 
17 52 5.84 + 40 14 17.8 „37621 724 | .0304 
19 54 55.77 38 20.5 „37340 636 
2 57 41.84 +M 215 „37057 547 | .0308 
3 | 4 03.8 25 50.9 „36774 458 
25 3 1.59 49 43.0 „36482 369 | „0313 


27 534.86 | +421235.9 | 3619 280 


1906 a& e) | log p | g 
Baer Fl 
Aug. 29 4 8 3.48 + 42 35 41,8 0.35899 0.013 
31 10 27.24 58 36.9 „35605 
Sept. 2 12 45.92 + 4321 21.3 .35308 
4 14 59.28 43 55.4 ‚35010 0.012 
6 41702.7°07 + 44 6 19.0 .34712 
8 19 9.03 28 32.3 ‚34412 
10 21 4.88 50 35.1 ‚34112 
12 22 54.34 + 45 12 297.0 .33812 
14 24 37 12 34- 7,7 .33512 
16 26 12.92 55 36 6 .33212 
18 27 4.47 + 46 16 53.0 .32913 
20 29 2.48 37 56.1 .32615 | 
22 30 45.71 58 44.9 32320 
24 31 20.90 + 47 19 418.3 .32027 
26 32 17.81 39 35.2 .31737 0.011 
238 33 6.20 59 34.3 .31450 
30 33 45.85 + 48 19 14.3 „31168 
Oct. 2 34 16.56 38 33.8 .30891 
4 34 38.08 57 31.0 .30618 
6 34 50.16 + 49 16 3.6 30351 
8 34 52.61 34 9.6 .30092 
10 34 45.25 51 46.5 .29840 
12 34 27.94 +50 8 51.4 29595 
14 34 0.56 25 21.4 29359 
16 33 23.06 41 13.3 29134 
18 32 35.43 56 23.7 28919 
20 31 37.75 + 51 10 49.4 28715 
22 30 30.16 24 26.0 28523 
24 29 12.87 37 11.0 28345 
26 27 46.15 49 0.8 28181 
28 26 10.32 59 51.9 28031 


19 
102 


.0323 


.0329 


.0334 


.0339 


.0345 


.0350 


.0356 


.0361 


.0366 


.0370 


.0375 


.0378 


.0381 


.0383 


.0384 


1606 £ 5 u 3 H 
oc 0 | it | eo 4A | 0.0787 | 0.010 911 
Nov. 1 29 39.88 18%4 | .297779 94 | 0.0384 
3 20 32.19 26 0.8 | .27678 916 
5 18 %.%6 39.2 | .27595 895 | „0883 
7 16 9.7 37 35.5 | „27530 879 
9 13 49.28 21 29.2 | „27484 867 | .0380 
ei 1 23.70 14 40 | ‚27457 861 
43 8 59.82 25 48.4 | 27451 859 | „0376 
45 6 20.53 45 41.0 „27466 863 
17 3 44.79 134.2 | .27502 872 | .o371 
19 4 7.59 40 48.9 | 27560 886 
a | 358 9.9 36 35.1 | „27640 906 | .0365 
23 55 59,74 3 14 | ‚977282 932 
25 53 47.00 %4 8.9 | .27865 963 | .0857 
27 50 43.59 46 0.8 | .28010 | 0.011 000 
29 18 13.36 639.9 | 8178 042 | .0848 
Dec, 4 154110 | +5156 9.2 | .28368 090 
3 13 33.56 - 44 32.6 | 2928578 ak | .0337 
5 4 9.0 31 53.9 | .98810 20% 
7 38 59.30 1847.3 | .29062 269 | .03%6 
9 36 55.80 347.5 | 29334 340 
M 34 59.40 | +5048 2.0 | .a0097 47 | .0314 
43 33 40.58 32 %6.7 | .29939 499 
15 31 29.73 15 45.9 | „30270 587 | .0302 
17 29 57.19 | +49 58 31.6 | 30619 681 
19 98 33.19 40 49.4 „30984 779 | .0289 
2 27 47.93 22 13.8 | .31965 883 
23 26 11.50 | 42.5 | 31768 9 | .0975 
25 234.95 | +4845439 | .32175 | 0.012 107 
97 % 3.9 26 58.7 |  .22601 296 | .u22 
9 23 45.29 8.88 | .33030 350 
Ay] 2344.07 | 44749 18.0 | ‚33489 279 | .0249 
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THROUGH THE PERIHELION. 


VARIATIONS OR a, d AND log _ FOR THE ALTERED TIME OF PASSAGR 


T=+4 days 

+ | teren et | _ 35 

+ 3 22.15 | + 36 3.2 | + 294 | — 3 22.12 | — 37 38| — 297 

+ 3 33.07 | + 33 10.6 | + 355 | — 3 33.33 | — 33 58.3 | — 359 

+ 3 46.12 | -+ 29 19.9) + 43 | — 3 46.62 | — 30 13.4 | — 48 

+4 1235| +24*55.8|1 +49] — 4 2.30 | — 2553.4| — 476 

+418.583/| +20 41) +51] —- 42.42 | — 1 44| — 529 

+ 438.61 | + 14 54.2 | + 567 | — 4 4.55 | — 15 55.9 | — 576 

+5 249|+ 939.3|+606|—-5 6.871 —-104.7| — 616 

+5 31.97 [+ 44.9| +6321 —-53.29| — 5859| — 642 

+6 974|\+ 39.2 | + 640 | — 6 18.022 | — 149.41 | — 649 

+65.4 | — 1271| 4641| —-7 5.9) + 44 | — 627 

+744.03 | — 23.3 | + 566 | — 7 54.54 | — 120.9 | — 569 
+815.1|+ 415.2 |+45|— 893.5|— 619.7| — 44 

+ 8410.71 | + 10.42.4 | + 361 | — 8 14.80 | — 12 50.9 | — 356 

+ 729.94 | + 15 44.7 | + 247 | — 7 30.69 | — 17 37.3 | — 241 

Leyden, January 1906. 

Physics. — “On the motion of a metal wire through a lump of ice”. 


By L. S. Ornstein. (Communicated by Prof. H. A. LorkNT2). 


In a well known experiment on the regelation of ice a metal 
wire charged with weights is placed on a lump of ice. It moves 
slowly through the ice, while on the upper side new ice is formed; 
after a short time the motion takes place with uniform velocity. This 
phenomenon is explained by the fact, that if we increase the pressure 
the meltingpoint is lowered. | 

In order to caleulate the velocity of the wire I shall consider an 
infinite eircular eylinder which is moved through an infinite Jump 
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of ice by a force perpendicular to its axis. The phenomenon is 
the same in each normal section. I suppose round the wire a 
layer of water whose thiekness is small in comparison with the 
diameter of the wire. At the bounding surface of water and ice 
there is a pressure, which decreases from the lower to the upper 
side of the boundary. This pressure depends on the force by which 
the wire is acted on pro unit of length. As the motion is very 
slow the temperature in each point may be supposed to be the 
meltingpoint corresponding to the pressure existing in the point. 
The flow of heat, determined by- the distribution of temperature 
is the same as if the wire were at rest. At the upperside of the 
bounding surface of ice and water heat flows away and water is 
frozen, at the lower side the ice is melted-by the heat that is carried 
towards the surface. If we can determine the quantity that is melted 
we shall be able to determine the velocity acquired by the wire. 
Let M be the centre of the circular section of the wire and R 
the radius, the boundary between ice and water being a circle of 
radius R+d. 
’ The pressure at._the 
eircle A’B'C' in any point 
E' may be represented by 
the formula 


p=p,tb5bosp, 
y being the angle between 
the radius ME' and the line 
M A which has been taken 
for axis of ordinates. The 
corresponding temperature 
is 


4 


dt 
t=t, + b (&) c08.P , 
dp)o 


being’ the ch 
er eing the change of 


the meltingpoint per unit increase of pressure near 0° C. 
Let k,, be the coeffiecient of conductivity within the eirele ABC, 
k, that of the layer of water, and %, that of the ice without A’B'C". 


The differential equation for the temperature is in every one of 
these fields 


I a 
The conditions at the limits of the fields are: 


dt, ot 
1° at B = ER, 
at ABC A ? (ar (5 = S On ); 


2. at A’B’C' weLer th (&) cos p, 
dp): 


3. at infinite distance 4, —=!t,. 
The normal at ABC eoinciding with the radius. 
The formulae: 
=t+B,rosgp in the wire, 


C, 
uw —=t, + B,rosp+ 099, in the layer of water, 


C 
+, + a cos in the surrounding ice 


satisfy the equations r being the distance from the point M. For 
the coefficients I find the relations 


ee ee rarı 
Neglecting powers of d/R I find 


c, I ee 


RB UR+A)R,+4Urlk, —k,)' 


(5) ® +%,) 


ER a 
i 2(R+ a)ik, +4/R(k, —k,)} 
For an element E’F’ of A’B’C’ the flow of heat into the ice 
towards ihe surfaces amounts to: 


cos pdp, 


k 0 
un Buß 
if we write dp for the angle E’MF’. Hence the total quantity of 
heat conducted through the ice towards the surface A’B’ per unit 


of time: 
n/2 


x d mb =) 
ei Die cos = — — |]. 
hr Ed 2 % ; dp 0 
0 


In the layer of water the flow of heat per unit of time is for Z’F' 
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G, 
— (R+d)dpcosgpk, (#. — m) 
and for A’B’ totally 


RD NER le) 
un R+9(B,- =) ee 


Of course as much heat is lost at the surface B’C’ as is conducted 
towards A’B’; and the melted and frozen quantities of ice and water 
will therefore be equal. W being the quantity of heat that is required 
for the melting of a gramme of ice, the melted quantity is 


inte), 
RR k k,+4/ fi(k, —k,) R(k, nt 
If S, is the specific gravity of ice, the volume of this quantity is: 


k, —4/p(k,—k,) \G) 
EEE Een) Nap) 
WS, 


On the other hand, if the eylinder moves with a uniform veloeity 
v a volume 
2 Rv. 


is melted. So we find for the value of v 


k,—d/r(k,—k,) di 
__ rm tt @). 
RR RW S, | 


To express 5 in the force P acting per unit of length of the 
cylinder we have only to notice that an element ZF= Rdy is 
acted on by a force per unit of surface p cos = (p, + D c0s y) cos p. 
Hence: 


re 


P= ft. cos p + b cos? Y) Rdy = nbR 


The veloeity C in case P=1 is found to be 


dt k,—@/p(k, —k 
ENEN dp {) ’ k,+4/ rk, — k,) I 
nR WS, u 
We can find another expression for d/r if we pay attention to the 
motion of the water. If we conceive the wire to be at rest but 


the ice moving along it, we shall see at the limit A'B' water con- 
tinually streaming into the channel ABA'B’ while it streams out of 
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it and freezes at the part B'C' of the surface. The velocity of the 
ice being v we find for the quantity of water entering through Z'F’ 


(R + d)vcospdy. 

This is also the difference between the quantities flowing across 
FF' and EE' upwards. 

This quantity can also be determined by means of the hydro- 
dynamical equations. Take for axis of & a eircle with radius R + $d 
and for axis of n a radius of the circle. The forces acting on an 
element XLOP are in equilibrium. Writing u; for the velocity 
parallel to the axis of 5, «u for the coeflicient of viscosity, neglecting 
the velocity «w, and taking the intersection of the & circle, with 
EE' for origin of coordinates we have: 

0°? ur b sin p 
ET 07? ms RR 

At the eirde AB, u —=0, at AB, w —=vsiny, therefore : 

Y 2 
bsingn? _ veinp ie +55) 


uur = — 


2R d 
and the quantity streaming across BE’ is 
+ dh 
1 1 ( da? vd), 
ur n=— IaR 267% sn, 


—d); 
the difference between the quantities of water flowing across F'F’ 
and ZE' will therefore be 


1 b_d’ 
13 wann eos pdp 
and we have, Be a powers of @/r: 
b.d’ 
A Tu . . . . . . bs . (IIe) 


In the experiments the wires become curved. I suppose the wire 
to be perfectly flexible and the stress to have the same value S in 
all its parts; the force per unit of length perpendicular to the wire 
is given in each point by 

do 


N 
ds 


dw being the angle between two consecutive tangents to the curve. 
The curvature being not large we can use the coefficient given by 
(I) to find the normal velocity arising from this force. This veloeity is 
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In a time dt the element ds of the wire describes a surface 
do 
0S — ds.dt. 
ds » 


If the wire at the ends is vertical the whole wire will therefore 
desceribe an area 


a 


dw 
a [cs a—n 0sa, 
ds 
I. 
Now if the veloeity of the wire is v, and the distance between 


the vertical ends d,, the same area will be vd, so that we have 
aCcS 


er (III) 

or if the angle between the ends is 2a, and P the weight at each end, 
_.2aCP I 
un, sin a (IHa) 


We shall next consider the form taken by the wire if it descends 
as a whole with uniform velocity. It is determined by the condition 


or 


d’y 


Taking the axis of x horizontal at the highest point of the line, 
the axis of y vertical downwards we have for 2—=0, 


dy 
==) SS el) 
y de 
therefore 
dy u 1 
du. = 9 d x 


The normal pressure at the‘highest point is 
Sn = = 
d 


1 
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In order to find the formula (//e) for curved wires we can put, 
approximately, for 5 its value at the point =0 y=0. 
So that we may put for 
| Be 
nR Rad, 
By this the formula (IIe) gives 


RL CSTEN? Ir 
mag R . .. . “ . . . . ( ) 


S being equal to the weight hanging at each end. 
If the angle between the tangents at the ends is 2a, we have 
other formulae. The equation of the curve becomes 
2x 
2a I 
CDS — HZ e 
1 


= 


Zi 


and the velocity, if P is again the weight at each end 
WRaGE 


= —— III« 
? d,sina 


By the hydrodynamical method the same velocity is found to be 


erg He 
er 12nud,sina \ R ee 


Dr. J. H. MerersurG has made a series of experiments, of which 
he will communicate the results at a later opportunity. The agree- 
ment with the theory is not very satisfactory. It must be noticed 
however that d is very small. The roughness of the surface of the 
wire will therefore greatly increase the resistance to the motion of 
the water, so that the result of the hydrodynamical method can no 
longer be considered as correct. 


Zoology. — “On the Polyandry of Scalpellum Stearns’” by P. P. 
C. Hozk. 


One of the largest forms of the genus Scalpellum which is so 
rich in species is Scalpellum Stearnsi, Pıuspry from shallow water 
near the coast of Japan. 

This species is represented by two varieties or sub-species in the 
collection of Cirripedes made by the Siboga Expedition in the waters 
of the Dutch East Indies and handed over to me for description. Both 
forms agree in the main with Pınsary’s species — they differ, however, 
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in some regards from one another as well as from the Japan species. 
I made the acquaintance of the latter by studying a few samples 
which were kindly lent. me from the Berlin museum by the Director 
(Prof. K. Moxsıus) and by ıhe curator of the Crustacea Department 
(Prof. W. WELTNER). 

Apart from Pırspry ‘), the Japan species has also been named 
and deseribed by Fiscuer ’); one of the two varieties from the 
Malay Archipelago has of late again met with the same fate from 
ANNANDALE ?), who tried to introduce it into the literature of the 
Cirripedia as a new species. 

Yet, though we dispose at present of three names and three 
fairl)y extensive deseriptions for this species, a very curious pheno- 
menon in the life-history of the reproductive period of this Scalpellum 
has hitherto escaped the attention of its describers ; for I can hardly 
believe that they could have discovered this peculiarity and yet 
not mentioned it in their papers. 

PınserY says of this species (and FiscHer in this regard quite agrees 
with him) that it was found in shallow water in Japan. The speci- 
mens of the Berlin Museum were from Nagasaki and apparently also 
from coastal waters. Those of the Siboga Expedition are from four 
different stations the depths of which range from 204 to 450 m. 
ANNANDALE had a single specimen at his disposal, caught in Bali 
Straits at a depth of 160 fathoms, about 290 m. 

Scalpellum Stearnsi belongs to the unisexual species of the genus: 
the large specimens with fully developed capitulum of a length of 
about 5 cm. and with (for a species of Scalpellum) very long pedun- 
cles (of 5—9 cm. length) are the females. The males (which should 
not be called “complemental’” males in this case) are looked for in 
vain at the place they ordinarily oceupy, viz., at the inner side of 
the scutum, near the oceludent margin, a little in front of or above 
the adductor muscle, in a duplicature of the sae or mantle which 
covers the valves of the capitulum on their inner surface. They are 
not to be found there — and I think this explains why they escaped the 
attention of the earlier deseribers. Darwın discovered that the little 
males in one of the species (in Sc. rostratum, DArwın) were attached 
as three little parasites to the body of the hermaphrodite, close 
under the labrum, between it and the adductor muscle almost in 
the median line of the body — but even at that place they are not 


!) Proceed. Acad. Nat. Sci. Philadelphia. 1890. p. 441—443. 
2) Bullet. Soc. Zool. d. France. XVL. 1891. p. 116—118. 
3) Memoirs Asiatic Soc. of Bengal. I. NO. 5. 1905. p. 74—77. 
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to be found in ‚Se. Stearnsi. I noted, however, that that part of the 
sac or mantle, which unites the two scuta behind or beneath the 
adductor muscle and which can be better seen by moving the two 
scuta slightly from one another, in the largest and vldest specimen 
of the collection, showed a crusty and grainy. surface — just as if 
a Flustra or other Bryozoon were attached to it. Investigating a part 
of that erusty covering I easily found that each grain represented 
a male and that over a hundred of these were attached to the same 
female. Each male is inclosed in a kind of capsule (a thiekening of 
the mantle) and that part of the mantle-surface which is opposite 
the head-end with the prehensile antennae forms a little elevation 
over the surface of the capsule. They are in. parts so closely 
placed as to flatten one another mutually. Their dimensions are 
0.7 x 0.5 mm. — they are even small for males of Scalpellum. 
Their structure agrees with that of the males of several other species 
of this genus: round about the opening of the mantle, at the extremity 
of the little elevation over the surface of the chitinous capsule, four 
rudimentary valves are observed. What I think, so far as my experience 
goes, is characteristice for this species, is that short rudimentary 
tentacles are attached to the surface of the mantle between (alternating 
with) the small valves, little appendages — which of course have 
‚nothing in common with the articulated antennae or other limbs of 
the Cirripedes. Should any doubt remain, as to whether these little 
parasites really represented the males of this species, these tentacles 
might be used to dissipate it. A few small, quite young females, in 
which the capitulum however was already furnished with calcareous 
valves and the whole appearance of which corresponded with an 
early condition of fullgrown females, were found attached to the 
surface of the capitulum of one of the large specimens. Now, these 
little females are furnished with the same tentacles. They are 
embryological organs, which of course may have importance from a 
morphological or phylogenetic point of view, but which have dis- 
appeared in the fullgrown females. In the young females they oceupy 
the same place as in the males, viz. at the free extremity (the tip) 
of the capitulum attached to the ..chitinous surface between the two 
calecareous plates which represent the terga, near the anterior extremity 
of the orificee — in the females large, in the males relatively much 
smaller — which gives entrance to the cavity in which the animal’s 
body is lodged. 

 I.do not believe that examples are known in animals so highly 
developed as Cirripedia of such a pronounced polyandry as in this 
species of Scalpellum. As a rule, the number of males Be 
Proceedings Royal Acad. Amsterdam. Vol VIII. 
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to the capitulum of the female or of the hermaphrodite is one at 
each side only, in some species it is two or three and the largest 
number I have observed was five. How can we explain that there 
is a species with such a large number as the case mentioned? I 
have tried in vain to find an explanation. We do not know much of 
the habits of these animals. It is hardly admissible that the great 
number of males should be connected with the depth at which they 
live, for-(1) the same-species which is found in the Malay Archipe- 
lago at a depth of 200-400 m. lives in the Japan sea in shallow 
water, and (2) we know species living in coastal waters and others 
found in depths of over 1800 m., all of which have two males 
only. A connection exists no doubt between the place where the 
little males are found attached and their great number — - but I 
am at a loss to understand what the relation may be. The eggs 
of these Cirripedes are fecundated at the moment they are excluded 
and form two leaves (the so-called ovigerous lamellae) which remain 
in the sack or mantle-cavity of the female until the eggs hatch out. 
If the males are attached at the margin of the mantle-cavity, the 
chance that the eggs will be impregnated is of course larger than 
in the case when they are attached at a greater distance, as in 
‚Sc. Stearnsi. So it is easily understood that in the latter case a 
greater number of males would be required — but why did they 
choose for attachment a place which is less favourable for impregnation? 
Because they were so numerous and did not find space enough at 
the ordinary place? 


Mathematics. — “A group of complexes of rays whose singular 
surfaces consist of a scroll and a number of planes”. By 
Prof. JAN DE Vrıes. 


1. The generatrices of a rational scroll can be arranged in the 
groups of an involution 2»; to this end we have but to arrange 
their traces on an arbitrary plane in the groups of an J,. If we 
consider each pair of lines /,7 of /, as directrices of a linear con- 
gruence, it immediately occurs to us to examine the complex of 
rays IT’ which is the compound of the oo! congruences determined 
by it. 

Let the scroll g* be of order n and let it have an (n—1)-fold 
direetrix d. The generatrices / form a fundamental involution I: 
each group of which consists of the (n—1) right lines, eoineiding 
in a point of d. This /„—ı has evidently (n—2) (p—1) pairs in 
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common with the given I,; so on d lie as many points of intersec- 
tion H of pairs /,7 of the involution ./,. Each ray through a point 7 
belongs to the complex T', likewise each ray in the connecting 


plane h of the right lines /, r; 1.0. w. the complex has (n—2) (p—1) 
principal points H and (n—2) (p—1) principal planes h. 


2. On an arbitrary plane a a rational curve cr with (n—1)-fold 
point D is determined by _*. The rays of the complex lying in « 
envelop a curve («) of class (n—1) (p—1), the eurve of involution 
(director curve) of ]', in which the points of c* are arranged by 
the given ],. ') 

So the complex is of order n—1) (p—1). 

The line of intersection of « with a prineipal plane h being a 
ray of T, the curve of the complex («) touches all prineipal planes. 

If « is made to pass through a right line / of go", then («) splits 
up into the pencils having for vertices the traces Z' of the (p—1) 
rays conjugate to / and into a curve of order (n—2) (p—1), the 
curve of the involution of 7’, on the curve c”-! which « has in 
common with _” besides. So a tangent plane of o” is a singular 
plane of T. 

The singular surface consists of a scroll and the principal planes. 

When a tangent plane contains one of the principal points it passes 
in general through the directrix d, therefore through all prineipal 
points. Then («) splits up into (n—2) (p—1) pencils (7) and (p—1) 
peneils (Z). 

Of the n—1 generatrices / through a point H, two, Z, and /,, 
form a pair of /,. If we bring «a through one of the remaining 
right lines /£ (k=1 to n—3), then («) consists of (p—1) pencils with 
vertices Z';, the pencil (7) and a curve of class (n—2) (p—1)—1. 

In an arbitrary plane through Z the curve of the complex («) 
consists of the penecil (HZ) and a curve of order (n—1) (p—1)—1. 


3. The rays of the complex through an arbitrary point A 
envelop a cone (A) of order (p—1) passing through the 
principal points. 

If A lies on ge" cone (A) consists of (p—1) concentrie pencils and 
a cone of order (n—2) (p- 1). 

If we assume A in a prineipal plane A then only one pencil 
separates itself from the cone of the complex. 


1) I’, has (n—1) (p—1) pairs in common with the involution In which an 
arbitrary pencil determines on cr. 
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if A is taken on the line of intersection of two planes h, two 
pencils are separated from the cone. Three pencils are obtained 
when A is point of intersection of three prineipal planes. 

If we take A on the curve c*-? which a plane A} has in common 
with og” then (A) consists of p concentrie. pencils and a cone of 
order (n—2) (p—1)—1. 

If A is a point of interseetion of ge" with two principal planes 
the number of pencils’ evidently becomes (p-+1). 


4. The curve of the complex («) is of order (p—1) (2r+p—6)'). 
It possesses $ (p — 1) (p — 2) (n — 2) threefold tangents ”) which are 
transversals of as many triplets of right lines belonging to a group 
of Z,. The cone of the complex (A) possessing evidently as many 
threefold edges, the scrolls each having three conjugate right lines / 
as directrices form together a congruence y of order and class 
IE Dp—)n— 2. | 

Each prineipal point 7 is for this congruence a singular point of 
order (p — 2); the singular cone is broken up into (p—2) peneils. 

Each prineipal plane h is a singular plane of order (p— 2) and 
contains (p — 2) pencils of rays of congruence. 


5. The right lines resting on four lines / belonging to a group 
of I,. form a scroll enclosed in T, of which the order is going to 
be determined. 

Each transversal ? of three conjugate right lines /,,/,,/, and the 
arbitrary right line «a intersects still (n — 3) generatrices m of gr. 
To each of these right lines m can be made to correspond the (p — 3) 
right lines ! forming with Z,Z,,/, a group of ],. 

To each ray 7 belong (p—1), triplets Z,, 1, /,, so 2(p—1), trans- 
versals 2 and therefore 2(” — 3) (p--1), rays m. 

The congruence (1,1) of the right lines resting on m and a has 
with the congruence y in common (n— 2) (p—1)(p—2) rays t, 
so that to m are conjugate (mn — 2) p —1)(p —N(p— 3) right 
lines !'. 

Now each transversal of four lines / belonging to a group of 7, 
evidently gives four coineidences of the correspondence (!' , m). 


!) The characteristie numbers of the curve of involution of an I, on arational 


c* are found in the dissertation of Jon. A. Vresswisk Jr. (Involuties op rationale 
krommen, Utrecht 1905, page 38). 


?) See also my paper “Complexes of rays in relation to a rational skew curve” 
(These Proceedings, VI, page 12). 


(665 ) 
Consequently the scroll of the transversals of quadruplets of the 
involution is of order = (p—-1)p—2)(p — 3)(dn —9). 
Each prineipal point and each principal plane of T' bears 


1 
5 ( p—2) (p—3) right lines. of this seroll. 


6. If g" possesses also a single directrix e all prineipal planes of 
T' pass through e and the complex is in itself dual. 


1 
If 0" has a nodal curve d of order SUR 2)(n —1) each gene- 


ratrix / rests in (a — 2) points on d, and is thus cut by (n — 2) 
right lines 7. By this the generatrices are arranged in a symmetric 
correspondence of order (n— 2), having with /, given on g* in 
common (rn —2)(p—1) points 7. So the complex has again 
(n—2)(p —1) principal points and as many principal planes. 

In like manner the order of T' remains the same. But now the 
ceurve of the complex can break up on account of its plane contain- 
ing two or three principal points by which two or three pencils 
are separated. Besides « can contain still a right line /. So here 
the degenerations of («) are dually opposed to those of the cone (A). 


(February 21, 1906). 


